where ro E (0,1) is independent of p and N.
Introduction and Result.
In this paper we study the solutions of some refinement equations of the form where AT is a strictly positive integer and iZ(^) is a 27r-periodic function whose Fourier coefficients decay exponentially. The minimal degree solution of (1.2) having the factorized form (1.3) is given by
5=0 ^ ^
The corresponding refinable functions, denoted by ^^v, are the self-convolution of Daubechies' scaling functions, and they are cardinal interpolants (see [3, 4, 5] ). We will study the solution of the equation (1.2) whose filter has a simpler factorized form (1.3) given by
These filters are well known in signal processing as the transfer functions of the "Butterworth filter" (see [8] for a detailed review). The corresponding refinable functions, denoted by ^TV, are said to be Butterworth refinable functions, which are also cardinal interpolants. Denote by / the Fourier transform of an integrable function or a tempered distribution /. In the form of Fourier transform, the equation (1.1) becomes 0(£) = m(£/2)0(f/2). Hence we get the useful formula It is the second inequality of (2. 
(2.2)

Proof. For simplicity, we write ^(O = h((,)h(2(,) and ^(0 = h(£,)h(2^)h(4(,).
Notice that Proof. The idea of proof was used in [7] . It is clear that the assertion in Lemma 3 holds for k = 1,2,3 if CN is chosen large enough. We assume that (2.5) holds for all k < I with I > 3. For k = I, we distinguish five cases. Then, for any (ei,---,e&) 6 G q ,k there exist unique integers 1 < Z'I < £2 < ... < i q < k -1 such that ei s = ei 3+ i for all 1 < s < q. On the other hand, given any ei G {0,1} and integers 1 < ii < 22 < . • • < iq < A; -1, we may find one and only one (ei,... , ek) G G^fc such that 6i s = €i s+ i for any 1 < s < q. Therefore, the cardinality of Gq,k is 2( k~1 ) for any 0 < q < k -1. Proof of Theorem 1. The upper bound estimate of S V {^N) will be proved by a modification of the method used in [2] . (The method is also used in [7] ). By (1.5) and R N (27r/S) = 2 2N (1 + S^)" 1 , we have $^(2^/3) ^ 0 and 
where C is a positive constant independent of k. Therefore for 0 < p < oo and A: > 1, we have
where Ci and C2 are positive constants independent of k. This gives the desired upper bound estimate of Sp^jsf) for 0 < p < 00. For A; > 1 and 2 k~1 7T < \€\ < 2 k 7r, it follows from (1.5) and Lemma 3 that 
where we have used (5) and Lemma 3 in the first inequality, Lemma 4 in the second one, the fact that the cardinality of G q ,k is 2{ k~1 ) in the last one. Hence we obtain the desired lower bound estimate of S P (^N) for 0 < p < 00. □
Remarks.
From the above proof, we see that ro in the theorem can be chosen to be 0.9787028. When iV is large, Sp(*^) is well approximated by ]Vln3/ln2. Let us compare the numerical results obtained in [1] for p = 1/2,1,4 and the approximation given by N |^-| (see Table 1 ). We point out that the differences between the last two columns are small and that when ./V > 20 we can use N\og2 3 to get rather precise approximation for S P (^N [1, 6, 7, 9] and references therein). In [7] , Lau and Sun proved that In 2
where C is a positive constant independent of iV and AT-l
™-trn*-
By the idea we used in the proof of the theorem, the term -^ in the above lower estimate can be improved to be -Cr^ for some 0 < ro < 1.
